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Using a eld-theoretial representation of the Tanaka-Edwards integral [1℄ we develop a method to
systematially ompute the numberNs of 1-spin-stable states (loal energy minima) of a glassy Ising
system with nearest-neighbor interations and random Gaussian ouplings on an arbitrary graph.
In partiular, we use this method to determine Ns for K-regular random graphs and d-dimensional
regular latties for d = 2, 3. The method works also for other graphs. Exellent auray of
the results allows us to observe that the number of loal energy minima depends mainly on loal
properties of the graph on whih the spin glass is dened.
I. INTRODUCTION
Glassy systems have non-trivial energy landsapes just
as many omplex systems observed in nature. The main
harateristis of suh landsapes is the number Ns of
loal minima, alled also metastable states. Typially,
this number grows exponentially with the system size N :
Ns ∼ eNf∗ . The rate of the exponential growth f∗ is
a fundamental quantity haraterizing the omplexity of
the system. It is however very diult to alulate, and
it has been analytially found in only a few ases: for the
Ising model with random Gaussian interations on a om-
plete graph (SK-model) [1, 2℄, on the one-dimensional
losed hain [3, 4℄ and for the Ising model with random
binary interations J = ±1 on K-regular random graphs
[5℄.
In this paper we desribe a method to determine f∗
for the Ising model with random Gaussian interations
on an arbitrary graph. In partiular we use this method
to ompute f∗ for some K-regular graphs. The idea is
to express the number of metastable states Ns in terms
of the Tanaka-Edwards integral [1℄ and then to treat this
expression as the partition funtion of a ertain statisti-
al eld theory. The logarithm of the partition funtion
an be represented as a sum of onneted Feynman dia-
grams whih in turn an be generated and summed on a
omputer, up to a ertain order of the perturbative series.
Using some general properties of this series we are able
to estimate the value f∗ already from the rst few orders
with a very good auray. This allows us to observe
that the values of f∗ are very similar for regular graphs
with dierent topologies, indiating that the number of
metastable states depends mainly on loal properties of
the graph.
II. DERIVATION OF THE STATISTICAL FIELD
THEORY
We onsider a system of Ising spins, σi = ±1, i =
1, . . . , N , residing on nodes of a simple graph desribed
by an adjaeny matrix A. The graph does not need to
be onneted. The matrix A is an N × N symmetri
matrix with Aij = 1 if i and j are onneted by an edge
or Aij = 0 otherwise. The energy of the system is given
by:
E = −
∑
i>j
AijJijσiσj , (1)
where the oupling onstants Jij 's are random numbers
taken from the standardized Gaussian distribution with
zero mean and unit variane.
We are interested in ounting the number of loal min-
ima Ns of the energy (1). A loal (metastable) minimum
is dened as a onguration of spins {σi} suh that a ip
of any single spin inreases energy. Suh a onguration
is also alled 1-spin-stable. The number of 1-spin-stable
states is given by [1, 5℄
Ns =
∑
σ1=±1
· · ·
∑
σN=±1
N∏
i=1
θ

σi∑
j
AijJijσj

 , (2)
where θ(x) is a step (Heaviside) funtion. In Ref. [1℄ it
was shown that the averaging over Gaussian ouplings
Jij leads to the following onise formula:
〈Ns〉 =
∫ ∞
−∞
N∏
k=1
Dqke
− 1
2
P
i,j Mijqiqj , (3)
where
Dqk =
1
pii
e−q
2
k/2
qk − i0+ dqk, (4)
and
Mij =
Aij√
kikj
. (5)
Here ki =
∑
j Aij is alled degree of node i. The inte-
gral (3) was alulated [1℄ in the limit of N → ∞ for a
omplete graph: Aij = 1− δij , yielding the result
ln 〈Ns〉 ∼= Nf∗, (6)
with f∗ ≈ 0.199228, known also from earlier onsidera-
tions of the SK model [2℄.
2In this paper we shall propose a systemati method
to evaluate this integral also for other graphs. Let us
introdue an auxiliary onstant g to Eq. (3):
〈Ns〉 (g) =
∫ ∞
−∞
N∏
k=1
Dqke
− 1
2
g
P
i,j
Mijqiqj , (7)
The idea is now to nd a systemati way of expanding
(7) in powers of g and then to use this series expansion
to estimate its value for g = 1:
〈Ns〉 = 〈Ns〉 (g)|g=1. (8)
Borrowing some tehniques from eld theory let us dene
the following generating funtion:
Z[J ] ≡
∫ ∞
−∞
N∏
k=1
Dqke
i
P
k Jkqk , (9)
whih allows for rewriting Eq. (7) as:
〈Ns〉 (g) = exp

1
2
g
∑
i,j
Mij
∂
∂Ji
∂
∂Jj

Z[J ]
∣∣∣∣∣∣
J=0
. (10)
The funtion Z[J ] has a losed form:
Z[J ] =
N∏
k=1
[
1 + erf
(
Jk√
2
)]
≡
N∏
k=1
e
P
∞
n=1
cnJ
n
k /n!, (11)
where erf(x) is the error funtion and cn are umu-
lants of 1 + erf
(
Jk/
√
2
)
. The oeients cn an be
easily alulated up to an arbitrary order using a pro-
gram for symboli alulations: c1 =
√
2/pi, c2 = −2/pi,
c3 = 2(4 − pi)/(
√
2pi3/2), ... . Equation (10) an be
graphially represented as a sum of vauum Feynman
diagrams of a eld theory with the propagator gMij and
Φnj -verties with oupling onstants cn. The Feynman
rules to alulate the ontribution of a diagram are as
follows. To eah vertex Φnj , at whih n lines meet, we
asribe a fator cn. The subsript j means that the ver-
tex is deorated by an index j = 1, . . . , N whih an be
thought of as a olor taken from a palette of N possible
olors. A line joining two verties deorated with olors
i and j ontributes a fator gMij . Additionally eah di-
agram has a ertain symmetry fator whih depends on
the shape of the diagram. Finally, one needs to perform
the summation over olors.
As usual, the logarithm of Eq. (10),
F (g) ≡ ln 〈Ns〉 (g), (12)
ontains only the ontribution from onneted diagrams.
We shall see below that F (g) is an extensive quantity in
N . Thus it is onvenient to introdue a density F∞(g)
per spin whih for large N beomes a funtion of g only
and an be represented as a power series:
F∞(g) ≡ lim
N→∞
F (g)
N
=
∞∑
l=1
flg
l. (13)
Our goal is to determine f∗ ≡ F∞(1), whih gives the
rate of exponential growth of the number of 1-spin-stable
ongurations for large N .
The oeients at gl in the series expansion (13) ome
from onneted Feynman diagrams with l links. In the
general ase, they must be summed on a omputer, be-
ause their number grows very fast with l. We need a
systemati proedure whih allows us to sum diagrams
in order to alulate the oeients fl. In our approah,
suh a proedure looks as follows: (A) "draw" all possible
onneted Feynman diagrams with l links; (B) alulate
their symmetry fators s; (C) deorate eah vertex of the
diagram with an index i = 1, . . . , N ; (D) for eah deo-
ration alulate the ontribution of the diagram to F (g)
as:
gl · s ·
v∏
i=1
cni ·
∏
〈ij〉
Mij , (14)
where v is the number of verties of the diagram, the
rst produt goes over all verties and the seond one
over all links of the diagram; (E) sum ontributions of all
diagrams and deorations.
Clearly, the proedure desribed above is not eient
if the original graph is sparse sine then many propa-
gators gMij are zero. Therefore, many of possible N
v
deorations give a zero ontribution and one wastes time
summing many zeros. In partiular, all deorations of a
diagram having a self-onneting link give no ontribu-
tion sine Mii = 0. Thus one an omit suh diagrams in
the sum. One an improve the step (C) of the proedure
by onentrating only on deorations whih potentially
have a hane to ontribute. In other words, one should
look only for deorations for whih propagators Mij do
not vanish. This means that i and j must be neighbors on
the graph on whih the spins reside. Therefore, instead of
the step (C) one should take the step (C') in whih one
only heks suh deorations whih are onsistent with
the graph struture. This an be done iteratively. First,
one assigns a label j = 1, . . . , N to one vertex of the di-
agram. Then one assigns to its neighbors only values i
suh that Mij 6= 0 or equivalently that j and i are neigh-
bors on the original graph. One repeats this proess for
neighbors of i's and so on, and selets only those labels
for whih the propagator does not vanish. This speeds
up the step (E) of the proedure sine now the number
of deorations is of order Nk¯v−1, where k¯ is the average
node degree of the graph.
The proedure (A-C'-E) works for any graph. For a
K-regular graph one an essentially simplify alulations
sine in this ase Mij = Aij/K, as it stems from Eq. (5),
and thus the elementary ontribution (14) to F (g) is
( g
K
)l
· s ·
v∏
i
cni ·
l∏
〈ij〉
Aij . (15)
The last produt of Aij 's is either zero or one. Summing
over all deorations of a given diagram we get some num-
ber P of deorations onsistent with the graph struture.
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FIG. 1: Feynman diagrams for l ≤ 4, without multiple links,
generated by Eqs. (10) and (11), together with their symme-
try fators.
Eah Feynman diagram has now the following ontribu-
tion:
( g
K
)l
· s · P ·
v∏
i
cni . (16)
Atually P is the only part of the expression whih de-
pends on the graph struture on whih spins reside, other
quantities an be alulated beforehand. Therefore, we
used a C++ program to generate all simple diagrams
(without multiple- and self-onnetions) up to l = 13
and applied the routine nauty [6℄ for isomorphism test-
ing to distinguish dierent diagrams and to determine
their symmetry fators s. In gure 1 we show several ex-
amples of diagrams for l ≤ 4. Their number grows very
fast with l: for l = 11 there are 11461 suh diagrams,
for l = 12  40964 and for l = 13  153786. The num-
ber of all multi-diagrams, that is diagrams with multiple
onnetions, is muh larger but lukily there is no need
to generate them. Any multi-diagram an be obtained
from a simple diagram γ by replaing its links by multi-
ple links with a ertain multipliity m. The ontribution
of all multi-diagrams assoiated with a simple diagram γ
is:
s P
∞∑
m1=1
· · ·
∞∑
ml=1
( g
K
)m1+···+ml l∏
a=1
1
ma!
·
v∏
i=1
cn′
i
(17)
where s and P are alulated for γ. The terms in the
sum ontribute to the order l′ = m1 + . . . + ml of the
expansion of F (g), and l′ is the total number of links
of the multi-diagram. Fators 1/ma! are orretions to
the symmetry fator whih arise from the fat that one
an permute all ma multiple links joining two verties
without hanging the diagram. n′i is the number of links
meeting at vertex i of the multi-diagram.
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FIG. 2: (a) A graph onsisting of only two nodes 1 and 2. (b)
The two distint assignments of the labels 1 and 2 to the linear
Feynman diagram for l = 4. An example of an inonsistent
assignment would be for instane 11212 sine A11 = 0.
III. A FEW EXAMPLES
Let us illustrate how the method works for spins on a
graph with N = 2 verties. We have A12 = A21 = 1,
A11 = A22 = 0 and K = 1. As an example we shall
alulate the ontribution of the linear diagram with l =
4 links from Fig. 1. Its total ontribution is
1
2
· g4 · c32c21 · P, (18)
where the rst term aounts for the symmetry fator,
the seond one is a produt of four propagators, the third
one is a produt of ouplings and the fourth one is the
ombinatorial fator P depending on the details of the
underlying graph's struture enoded in the adjaeny
matrix A. There are only two possible assignments of
labels 1 and 2 to this diagram, see Fig. 2. All other
terms vanish and hene P = 2.
This example is somewhat artiial beause the num-
ber of nodes is small. Now let us suppose that we have a
graph where pairs of nodes 2j and 2j + 1 are onneted,
so that the only non-vanishing elements of the adjaeny
matrix are A2j,2j+1 = A2j+1,2j = 1 or j = 1, . . . , N/2. It
is a 1-regular graph. One an easily see that the number
of deorations P of any Feynman diagram is P = N or
P = 0. Indeed, verties of a given diagram an be alter-
nately deorated with two onseutive numbers 2j and
2j + 1. Thus the hoie of a single label speies auto-
matially the whole deoration. Beause this label may
assume N values, we have P = N . But if the diagram
has a loop of odd length, one annot alternately deorate
verties along this loop, so in this ase P = 0.
Beause P = N , one an see that also F (g) is pro-
portional to N and hene also ln〈Ns〉 ∼ N . The pro-
portionality oeient f∗ an be determined in this ase
analytially by a straightforward alulation of the inte-
gral (3):
F (g) =
N
2
ln
[∫
dx√
2pi
e−x
2/2erfc2
(√
g
2− 2gx
)]
, (19)
with erfc(x) = 1−erf(x). We shall use this expliit result
to test our method. Using the formula (17) and setting
K = 1 we nd that the rst oeient in the expansion
of F (g) omes from only one diagram, a line with l = 1
4from Fig. 1, and reads:
s P c21 =
1
2
N
(√
2pi
)2
=
N
pi
= 0.31831... ·N. (20)
The seond oeient f2 is a sum of the previous diagram
with doubled line, and the one for l = 2:
1
4
N
(
2
pi
)2
− 1
2
N
(√
2
pi
)2
2
pi
= −N
pi2
= −0.101321... ·N.
(21)
On the other hand, we an alulate fls numerially from
the analyti formula (19):
F (g)
N
= 0.31831g− 0.101321g2 + 0.096054g3
−0.054306g4 + 0.055831g5− 0.037248g6 + .... (22)
We see that both f1 and f2 agree perfetly with those
obtained before. Higher oeients fl an be alulated
by performing the sum (17) on a omputer. We heked
that all oeients, up to l = 11, agree with those from
Eq. (19).
In the next setion we shall make another ross-hek
by omparing our results with those for the elebrated SK
model. We shall see that the method produes orret
values of the oeients fl as well as of the limiting value
f∗ = F∞(1).
IV. THE SK MODEL
The SK model [7℄ is the spin glass (1) on a omplete
graph, where eah node is onneted to all other nodes.
Before we apply our proedure of diagrams' summation,
let us reall what an be alulated for the SK model
using another methods. The integral (7) an be done in
the thermodynami limit [1℄, leading to
F∞(g) =
gt2
2
− ln
(
1 + erf(gt/
√
2)
)
, (23)
where t is a solution to a saddle-point equation
t
(
1 + erf(gt/
√
2)
)
=
√
2
pi
exp
[
−
(
gt/
√
2
)2]
, (24)
with f∗ = F∞(1) = 0.199228.... One an nd the oef-
ients fl by applying Cauhy's dierentiation formula
and by integrating Eq. (23) numerially. This gives:
F∞(g) = 0.31831g− 0.202642g2 + 0.147463g3
−0.115439g4 + 0.094626g5− 0.080058g6 + ... (25)
Let us now alulate fl's using the method desribed in
Ses. II and III. The propagatorMij for a omplete graph
with N+1 verties is Mij = 1/N for any pair of i 6= j. It
is a K-regular graph with K = N , so as one an see from
Eq. (16), eah link introdues a suppression fator N−1.
On the other hand, the ombinatorial fator P ontains
a power Nv, where v is the number of verties of the
diagram. Thus in the thermodynami limit, a diagram
with l links and v verties gives a ontribution ∼ Nv−l.
The exponent v − l is equal to one minus the number
of losed loops in the diagram. Therefore, in the limit
N → ∞ only tree diagrams give non-vanishing ontri-
butions. Our task simplies therefore to summing only
tree graphs. Eah tree with l links gives the following
ontribution to fl:
s gl
l+1∏
i=1
cni , (26)
where s is its symmetry fator and ni is the degree of
vertex i.
We performed the summation of all tree diagrams up
to l = 11 on a omputer and heked that the values
fl's obtained in this way agree with those obtained from
Eq. (23). Again, we see that our method gives orret
oeients fl.
We should, however, remember that our goal is not
only to nd the oeients of the expansion but rather
f∗ = F∞(1) whih is a sum of innitely many oe-
ients. If we naively terminate the series at some L:
FL(g) =
∑L
l=1 flg
l
, then e.g. F11(1) = 0.220701... is
far away from the true value 0.1992..., beause the se-
ries is slowly onvergent. Therefore, we need to nd a
method whih allows to read o the limiting value f∗
from rst few oeients. As we shall see below one an
nd a very good estimate of the limiting value F∞(1) us-
ing some general information about the properties of the
series expansion. Let us rst observe that the integral
(7) and thus also F∞(g) is onvergent only if the matrix
Gij = δij + gMij (27)
is positive denite. In the Appendix A we show that it
is so for |g| < 1 and for g = 1, and that G aquires a
zero mode for g = −1, so the integral (7) is divergent for
g → −1. From this we an onlude that the asymptoti
behavior of the oeients fl has the following form:
fl =
(−1)lal
lα
, (28)
with all al > 0, 0 < α ≤ 1 and liml→∞ al → const. From
the asymptoti behavior (28) we an dedue the following
formula for F∞(1):
F∞(1) ∼= FL(1) + fL ·
(
L
2
)α
×
× [ζ(α, 1 + L/2)− ζ(α, 1/2 + L/2)] , (29)
where ζ(α, β) =
∑∞
k=0(k + β)
−α
is a generalized Rie-
mann Zeta funtion, and α is estimated from the last
two oeients:
α ∼= −
(
ln
−fL
fL−1
)
/
(
ln
L
L− 1
)
. (30)
5With the help of formula (29) we an predit now the
value of F∞(1) ≈ 0.199226 for the SK model. To esti-
mate the maximal error we used a method desribed in
Appendix B. Our nal result f∗ = 0.199226(5) is in an
exellent agreement with the analyti result ited above.
V. RANDOM K-REGULAR GRAPHS AND
CAYLEY TREES
A K-regular graph is a graph with all degrees equal to
K. We say that a regular graph is random if its adjaeny
matrix A is maximally random under the onstraints that
Aii = 0, Aij = Aji and
∑
j Aij = K for all i. If we
x K and let N → ∞, random graphs beome sparse
and look loally like Cayley trees with degreeK, beause
the average density of nite-length loops goes to zero in
this limit. Thus for large N , instead of omputing the
oeients fl by averaging them over many K-regular
random graphs one an alulate them for a single Cayley
K-tree.
The propagatorMij is simply 1/K if nodes i, j are on-
neted, and zero otherwise. Unlike for a omplete graph,
the ontribution from diagrams with loops annot be ne-
gleted. Diagrams with multiple onnetions also do not
vanish. In order to ompute the ontribution of a simple
diagram γ and its multi-linked versions we need to eval-
uate the sum (17). The summation an be performed on
a omputer with only a slight ompliation as ompared
to the SK model.
The hardest task in the above is to ompute P . Re-
all that for a 1-regular graph, P was either N or zero.
Now P is simply equal to the number of dierent ways
a given Feynman diagram γ an be lied down on a K-
tree, in suh a way that any two neighboring verties of
the diagram are also neighbors on the tree. One expets
that the number of suh possibilities is of order NKv−1.
The fator N omes about sine one an lie down one
vertex of the diagram anywhere on the tree. But the
seond has to be loated on one of the K neighbors of
the rst one. So eah time by nding a position of a
vertex we should hek K neighboring nodes on the tree,
whih gives the fator Kv−1. To illustrate this, onsider
again the linear graph for l = 4 from Fig. 1. The di-
agram has v = 5 verties. The rst vertex an be put
anywhere on the tree, but the next one only on one of
K neighbors of the rst vertex. The same for the next
one, for whih we have again K possibilities, et., so al-
together we have P = NK4. Let us onsider now a more
ompliated example of a square graph from Fig. 1 and
K = 3. Again we have a trivial fator N for hoosing the
position of the rst vertex on the 3-tree. One it is ho-
sen, we an position remaining verties only in 15 ways
as shown in Fig. 3. So we have P = 15N whih is less
than P = 34N , beause of the onstraint oming from a
losed loop. Clearly, if a Feynman diagram has no loops
then P = NKv−1 = NK l. For a diagram with loops one
has to onsider onstraints on possible deorations. This
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FIG. 3: Example of a Feynman diagram (a square on the top)
lied down in two dierent ways on the Cayley tree withK = 3.
Four links are drawn with four dierent lines and arrows, in
order to show how the diagram is put on the graph. When
one vertex of the diagram (say the upper-left) has xed index
i, there are only 6 ways of drawing the diagram as in (a), and
9 ways as in (b) ase. The piture (a) implies that j = l and
there are 3 ways of hoosing j and 2 of k, while for (b) we have
k = i and 3 possibilities for eah index j, l. There is no other
way of distributing indies j, k, l, so P/N = 2 · 3 + 3 · 3 = 15
for the square diagram on the 3-tree.
an be done by enumerating all possible labellings and
aepting only those whih agree with graph's struture.
It an onveniently be done by a omputer program. One
point must be laried here - sine all P 's share the same
trivial fator N oming from N possibilities of labeling
the initial vertex, in the omputer program one an just
x one vertex of the diagram to have some arbitrary la-
bel, and onsider only deorations onsistent with this
hoie. Next, one multiplies the result by N , whih then
anels in the denition of F∞(g) so that only numbers
independent on N remain.
Using this method, we alulated P 's and then the o-
eients fl up to the given order L (typially L = 11) for
K = 2, 3, 4 and 6. The ase K = 1 has been analyzed in
Se. III. The results are summarized in Table I where we
give the values of f∗ for K ≥ 2 with estimated errors and
ompare them with those obtained by numerial simu-
lations based on enumeration of all metastable states as
desribed in Ref. [8℄. To save spae, the oeients fl
are not shown and an be found elsewhere [9℄.
The agreement with simulations is perfet. For the
ase K = 2 there is also a beautiful analyti result [4℄ to
ompare with, whih gives f∗ = ln 4/pi ≈ 0.24156.... As
we see from the table, it agrees with our result within the
error bars. We observe also that the rate of onvergene
of the series expansion for F∞(g) grows with K. In other
words, for smaller K one should go to larger order L
whih is however limited by the fast growth of the number
of diagrams. This eet is slightly ompensated by the
fat that the omplexity of omputing the ombinatorial
fator P ∼ KL is smaller for smaller K.
6VI. REGULAR d-DIMENSIONAL LATTICES
In this setion we shall disuss how to alulate f∗ for
d-dimensional regular latties, namely for d = 2 (square
lattie) and d = 3 (ubi lattie). The latties are K-
regular graphs with K = 2d, but very speial ones. The
ase d = 1, that is a losed hain, gives the same result
as a random 2-regular graph, beause the latter always
ontains at least one long hain, whose ontribution to
Ns in the limit N →∞ dominates over the ontribution
oming from shorter hains. In the general ase, the only
dierene as ompared to random regular graphs is that
now, while alulating P , we shall lie down Feynman
diagrams on the d-dimensional lattie. Again we see that
P is proportional to N sine the rst vertex an be put
anywhere, but one it is xed we an put a neighboring
one on a neighboring site of the lattie and repeat it
iteratively for all remaining verties of the diagram. The
alulated values of f∗ are given in Table I.
VII. LADDERS
As a further example we onsider another partiular
type of K-regular graphs: graphs whih we shall all lad-
ders. A ladder is a graph obtained by staking above eah
other innitely many opies of a (d−1)-dimensional ube
so that orresponding verties of the opies are aligned
on a line and the orresponding verties of onseutive
opies are joined by a link. A d = 2 ladder is just what
one usually would all a ladder exept that it is innitely
long. A d = 3 ladder looks like a bookstand with square-
shaped shelves. Suh ladders are K-regular graphs with
K = d + 1. It is interesting to ompare f∗ = F∞(1)
for ladders with those for random graphs and regular d-
dimensional latties. We adopt the usual sheme. The
only thing whih hanges is again P , beause now we have
to lie down diagrams on the ladders. The nal results are
presented in Table I.
VIII. CONCLUSION
We presented a semi-analyti method to estimate the
rate f∗ of exponential growth of the number of metastable
states Ns of the Ising spin glass on dierent kinds of
graphs. We heked that the method reprodues results
known analytially, whih are available for a few par-
tiular ases. The method is based on a diagrammati
representation of the quantity ln〈Ns〉(g) and on the ex-
at enumeration of all Feynman's diagrams up to a given
order L. The auray of the method improves with
growing L but already for L lose to 10 it yields very
preise estimates whose unertainty varies in the range
of order 10−4 - 10−6 depending on K (see Table I). The
results show that the exponent f∗ is determined mainly
by the degree K. This suggests that the number of lo-
al minima Ns depends strongly on loal properties of
Graph K L f∗, the slope of ln 〈Ns〉
result simulations
2-reg. graph 2 13 0.2414(2) 0.242(2)
3-reg. graph 3 12 0.22484(4) 0.226(1)
2D ladder 3 12 0.22568(6) 0.226(2)
4-reg. graph 4 11 0.21762(2) 0.219(1)
2D lattie 4 11 0.21808(2) 0.219(2)
3D ladder 4 11 0.21799(2) 0.220(4)
6-reg. graph 6 10 0.21101(2) 0.211(1)
3D lattie 6 10 0.21125(1) 
SK model ∞ 11 0.199226(5) 0.199(1)
TABLE I: Values of f∗ = F (1), alulated for various graphs
with average onnetivity K, ompared to omputer simula-
tions. L stands for the number of oeients fl used to esti-
mate F∞(1). All simulations were made for N = 10, . . . , 24,
so for relatively small systems. The unertainty of the last
digit is given in brakets (). It was estimated as the standard
error in ase of omputer simulations, and as the maximum
error in the way presented in Appendix B for semi-analytial
alulations.
the graph and weakly on its global topology. In other
words, an important information about the omplexity
of the energy landsape of the orresponding spin glass
is enoded in the short-range properties of the graph. It
would be interesting to test if this also holds for other
omplex systems.
The method presented here an be applied to any type
of graphs. However, the omputational omplexity of the
method and the dependene of the auray of f∗ on the
order L has to be tested ase by ase.
In this paper we alulated 〈Ns〉 for Gaussian J 's.
Comparing the results to those for binomial J 's [5℄ we
see that 〈Ns〉 signiantly depends on the distribution
of J 's. It would be quite interesting to investigate the
dependene on the distribution of J 's in a systemati
way by alulating 〈Ns〉 for some other ontinuous dis-
tributions of J 's. One an try to do this by applying
the Tanaka-Edwards idea to distributions of the type
p(J) =
∫
daf(a)e−J
2/a
. Another very hallenging prob-
lem is to alulate higher moments 〈Nks 〉 and eventually
also 〈lnNs〉.
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7Appendix A
In this appendix we shall prove that the matrix G is
positive denite for |g| < 1. We must show that
x
T
Gx =
∑
i,j
xiGijxj , (31)
is stritly positive for any vetor x with non-zero length.
From Eq. (27) we have:
x
T
Gx =
∑
i

x2i + g xi√ki
∑
j
Aij
xj√
kj

 . (32)
Introduing new variables yi: xi ≡
√
2kiyi we an rewrite
the right-hand side as:
2(1− g)
∑
i
kiy
2
i + g
∑
i,j
Aij(yi + yj)
2
(33)
= 2(1 + g)
∑
i
kiy
2
i + g
∑
i,j
Aij(yi − yj)2. (34)
The formula in the upper line shows that the quadrati
form (31) is non-negative for any x and for 0 < g ≤ 1. It
is zero only if g = 1 and x = 0. Therefore, F (g) tends
to a onstant for g → 1. On the other hand, the seond
equation (34) tells us that for −1 < g < 0 it is posi-
tive denite as well. However, for g = −1 we see that a
zero mode appears. Beause of the zero mode the Gaus-
sian integration in Eq. (3) is divergent and onsequently
F (g)→∞ for g → −1. These two observations indiate
that the radius of onvergene of F (g) given by Eq. (13)
is one, and that fl has the form:
fl = al(−1)ll−α, (35)
where α ∈ (0, 1] and al tends to some onstant for l→∞.
Appendix B
The estimation of systemati errors like those involved
in the alulation of F∞(1) from Eq. (29) is not an easy
task. We believe, that the method desribed below gives
an upper bound on the error of F∞(1). Let us slightly
adjust the notation for the sake of larity of the disus-
sion. The value of F∞(1) from the left-hand side of Eq.
(29) depends on L, for whih it has been estimated, so it
is onvenient to keep trae of L in the notation. We
will denote the value of the estimate by F
(L)
∞ (1). Of
ourse it not the same as FL(1) whih is on the right-
hand side of Eq. (29) and whih means just a sum of
the rst L oeients fl. The method relies on the fol-
lowing observation. We want to ompute the deviation
DL = F
(L)
∞ (1)− F∞(1) but we do not know the limiting
value F∞(1). We an however ompute slightly modied
dierenes dn = F
(n)
∞ (1)−F (L)∞ (1) for all n = 2, . . . , L−1,
2 4 81×10
-6
1×10-4
1×10-2
PSfrag replaements
n
d
n
FIG. 4: Illustration of the proedure of estimating errors.
We use as an example the data for the SK model, for L =
11 known oeients fl. We plot (n, dn) (squares) for n =
2, . . . , 10 in a log-log plot, and then t a straight line. The
line is shifted to be above all the data points. We extrapolate
the line to obtain the value for n = L = 11 (irle) and take
this as an unertainty of F∞(1).
and say that Dn ≈ dn for L being suiently large. Now
we an plot dn versus n and extrapolate it to n = L to
obtain an estimator of dL whih in turns estimates DL
giving the error. Beause dn falls with n as a power of
n or faster, we an estimate dL from above by tting
a straight line to the points (ln dn, lnn) and shifting it
so that all points lie below it. By extrapolating it to
n = L we get the value dL and use it to estimate the
upper bound for the deviation between F
(L)
∞ (1) and the
true value F∞(1). This proedure is illustrated in Fig. 4
for the ase of SK model from Se. III. How reliable is
this method? We heked that intervals F (1) ± ∆F (1)
obtained from n = 2, 3, 4, . . . , L − 1 rst oeients fl
always inlude the value for n = L for all graphs dis-
ussed in this paper. We heked also that reduing the
error, say, by a fator two would result in many situa-
tions for whih FL(1) would lie outside the error bars.
This means that the method does not overestimate the
error too muh.
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